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Abstract

In this paper, we consider numerical approximations for the magnetic-coupled phase-field-crystal model for ferromagnetic
solid materials. The governing PDE system consists of two coupled and highly nonlinear equations in which one is the Cahn–
Hilliard equation for the density of atoms, and the other is the Allen–Cahn equation for the magnetization field. To solve it,
we construct an unconditionally energy stable scheme with the second-order accuracy in time based on the recently developed
stabilized-SAV approach. The energy stability of the scheme is proved, and the stability and accuracy are then demonstrated
numerically by implementing various numerical examples in 2D and 3D, including the crystal growth and phase separations
for both of the magnetic-free and magnetic-coupled cases.
c⃝ 2020 Elsevier B.V. All rights reserved.
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1. Introduction

Ferromagnetic solid materials, that exhibit a long-range ordering phenomenon at the atomic level, had been
greatly used in magnetic-based memory devices such as magnetic tapes, magnetic hard drives, and magnetic
random access memory, etc. Since the electromagnetic properties of a solid material including the magnetization
and polarization are strongly coupled with the crystalline structure, it is promising to study the polycrystalline
microstructure formations in ferromagnetic solids at atomic length scales through mathematical modeling and
numerical simulations. In the pioneering work of Elder et. al., in [1–8], a successful approach, called as phase-
field-crystal method (PFC, for short), had been developed to simulate the dynamics of the atomic-scale crystal
growth. In comparisons with the traditional atomistic simulations (such as molecular dynamics), the PFC model
can easily address interfaces and dislocations on the atomic scale since features such as elasticity, dislocations,
anisotropy, grain boundaries, and polycrystalline structures naturally emerge in the total free energy functional of
it, cf. [2,3,9].
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Fig. 4.9. (a) The 2D pattern formation of crystal lattice for the phase separation example for the magnetic-free case at various times. The
equilibrium solutions are obtained for the magnetic-coupled case where (b) n̂ = (1, 0), (c) n̂ = (0, 1), and (d) n̂ = (−0.707, 0.707).

4.3). The initial condition, shown in the first subfigure of Fig. 4.7(a), is obtained by performing a similar process
s the 2D example. The dynamical growth process for the magnetic-free case is shown in Fig. 4.7(a), where the
sosurfaces of {φ = −0.1} are plotted. We see that the tiny crystallite finally grows up to the whole computed
omain and the equilibrium solution presents the BCC pattern. To get a more accurate view, we enlarge a local
egion [0, 60]3 in Fig. 4.7(b) with three different view angles which clearly show the BCC structures in 3D. In
ig. 4.8, we simulate the magnetic-coupled cases by applying the external magnetic field H = 0.25n̂ with four
irections of n̂ = (1, 0, 0), (0, 1, 0), (0, 0, 1), and (−0.577, −0.577, 0.577), respectively. The process of crystal
rowth presents anisotropy and the main growth direction of atoms is always perpendicular to the applied magnetic
eld H which is consistent with the 2D simulations.
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scheme is easy to implement practically and also provably unconditionally energy stable. In simulating numerous
benchmark numerical examples including the accuracy/stability tests, the crystal growth and phase transitions in
2D and 3D, the stability and the accuracy of the developed scheme are demonstrated numerically. To the best of
the author’s knowledge, this is the first such a scheme that is second-order accurate in time, linear, decoupled, and
unconditionally energy stable for the magnetic-coupled PFC model.
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